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Then
√

T vec(Φ̂i − Φi)
d→ N(0, Gi �Σα̂G′

i), i = 1, 2, . . . , (3.7.5)

where

Gi :=
∂ vec(Φi)

∂α′ =
i−1∑
m=0

J(A′)i−1−m ⊗ Φm.

√
T vec(Ψ̂n − Ψn) d→ N(0, Fn �Σα̂F ′

n), n = 1, 2, . . . , (3.7.6)

where Fn := G1 + · · · + Gn.
If (IK − A1 − · · · − Ap) is nonsingular,
√

T vec(Ψ̂∞ − Ψ∞) d→ N(0, F∞ �Σα̂F ′
∞), (3.7.7)

where F∞ := (Ψ ′
∞, . . . , Ψ ′

∞)︸ ︷︷ ︸
p times

⊗ Ψ∞.

√
T vec(Θ̂i − Θi)

d→ N(0, Ci �Σα̂C ′
i + Ci �Σσ̂C

′
i), i = 0, 1, 2, . . . , (3.7.8)

where

C0 := 0, Ci := (P ′ ⊗ IK)Gi, i = 1, 2, . . . , Ci := (IK ⊗ Φi)H, i = 0, 1, . . . ,

and

H :=
∂ vec(P )

∂σ′ = L′
K{LK [(IK ⊗ P )KKK + (P ⊗ IK)]L′

K}−1

= L′
K{LK(IK2 + KKK)(P ⊗ IK)]L′

K}−1.

√
T vec(Ξ̂n − Ξn) d→ N(0, Bn �Σα̂B′

n + Bn �Σσ̂B
′
n), (3.7.9)

where Bn := (P ′ ⊗ IK)Fn and Bn := (IK ⊗ Ψn)H.
If (IK − A1 − · · · − Ap) is nonsingular,
√

T vec(Ξ̂∞ − Ξ∞) d→ N(0, B∞ �Σα̂B′
∞ + B∞ �Σσ̂B

′
∞), (3.7.10)

where B∞ := (P ′ ⊗ IK)F∞ and B∞ := (IK ⊗ Ψ∞)H.
Finally,

√
T (ω̂jk,h − ωjk,h) d→ N(0, djk,h �Σα̂d′

jk,h + djk,h �Σσ̂d
′
jk,h)

j, k = 1, . . . , K; h = 1, 2, . . . , (3.7.11)

where

djk,h :=
2

MSEj(h)2

h−1∑
i=0

[MSEj(h)(e′
jΦiPek)(e′

kP ′ ⊗ e′
j)Gi

−(e′
jΦiPek)2

h−1∑
m=0

(e′
jΦm �Σu ⊗ e′

j)Gm]

with G0 := 0 and
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yt = A1yt−1 + ut + M1ut−1. (7.2.13)

Assuming we have a sample y1, . . . , yT generated by this process and defining

Ap :=




IK 0 . . . 0 0
−A1 IK 0 0
−A2 −A1

. . . . . .
0 0

...
...

. . . . . .

. . . . . .
...

...

−Ap −Ap−1
. . . . . .

. . . . . .
0 0

0 −Ap

. . . . . .

. . . . . .
0 0

...
. . . . . .

. . . . . .

. . . . . .
...

...

0 0
. . . . . .

. . . . . .
IK 0

0 0 . . . −Ap . . . −A1 IK




(7.2.14)

we get

A1




y1
...

yT


 +




−A1y0
0
...
0


 = M1




u0
u1
...

uT


 .

Hence, for given, fixed presample values y0,

y =




y1
...

yT


 ∼ N(A−1

1 y0,A
−1
1 M1(IT+1 ⊗ �Σu)M

′
1A

′−1
1 ), (7.2.15)

where

y0 :=




A1y0
0
...
0




The corresponding likelihood function conditional on y0 is

l(A1, M1, �Σu|y, y0)

∝ |A−1
1 M1(IT+1 ⊗ �Σu)M

′
1A

′−1
1 |−1/2

× exp{− 1
2 (y − A−1

1 y0)′A′
1[M1(IT+1 ⊗ �Σu)M

′
1]

−1A1(y − A−1
1 y0)}

= |M1(IT+1 ⊗ �Σu)M
′
1|−1/2 exp{− 1

2 (A1y − y0)′[M1(IT+1 ⊗ �Σu)M
′
1]

−1

×(A1y − y0)}, (7.2.16)

where |A1| = 1 has been used.
With the same arguments as in the pure MA case a simple approximation is

obtained by setting u0 = y0 = 0. Then we get


